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a b s t r a c t
New lower bounds for seven classical Ramsey numbers are obtained by considering some
circulant graphs Gn(Ai) with n ≥ 142 whose orders might be either prime or not. The
results are
R(3, 24) ≥ 143, R(3, 25) ≥ 153, R(3, 26) ≥ 159, R(3, 27) ≥ 167, R(3, 28) ≥ 172,
R(3, 29) ≥ 182, R(3, 30) ≥ 187.
© 2008 Elsevier Ltd. All rights reserved.
1. Known results on the Ramsey numbers R(3, q) and the new lower bounds in this work
The determination of the classical Ramsey numbers is a very difficult problem in combinatorics. The first few exact values
for them,
R(3, 3) = 6, R(3, 4) = 9, R(3, 5) = 14, R(4, 4) = 18, R(3, 3, 3) = 17,
were obtained by Greenwood and Gleason [2] in 1955. They computed their lower bounds by constructive methods and
then used the existence method to show that these lower bounds are the upper bounds as well. Since then, many scholars
have obtained more results by using the same method. The survey article [8] keeps an updated record of all known exact
values and new lower bounds for small Ramsey numbers. It also contains the following formulas:
R(3, 4k+ 1) ≥ 6R(3, k+ 1)− 5[1]. (1)
R(5, k) ≥ 4R(3, k− 1)− 3[13]. (2)
R(3, k, l+ 1) ≥ 4R(k, l)− 3[13]. (3)
On the basis of our previous work [3–7,9–12], we considered some circulant graphs of prime order or non-prime order
with n ≥ 142 and obtained seven new lower bounds of Ramsey numbers.
Theorem 1.
R(3, 24) ≥ 143, R(3, 25) ≥ 153, R(3, 26) ≥ 159,
R(3, 27) ≥ 167, R(3, 28) ≥ 172, R(3, 29) ≥ 182, R(3, 30) ≥ 187.
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The lower bounds R(3, 26) ≥ 159, R(3, 27) ≥ 167 and R(3, 29) ≥ 182 are better than the corresponding ones
R(3, 26) ≥ 150, R(3, 27) ≥ 158 and R(3, 29) ≥ 174 in [8] and the other four results appear to be the first lower bounds. As
a consequence of Theorem 1 and the formulas (1)–(3), we obtain
Corollary 1.
R(3, 93) ≥ 853, R(3, 97) ≥ 913, R(3, 101) ≥ 949,
R(3, 105) ≥ 997, R(3, 109) ≥ 1027, R(3, 113) ≥ 1087, R(3, 117) ≥ 1117.
Corollary 2.
R(5, 25) ≥ 569, R(5, 26) ≥ 609, R(5, 27) ≥ 633,
R(5, 28) ≥ 665, R(5, 29) ≥ 685, R(5, 30) ≥ 725, R(5, 31) ≥ 745.
Corollary 3.
R(3, 3, 25) ≥ 569, R(3, 3, 26) ≥ 609, R(3, 3, 27) ≥ 633,
R(3, 3, 28) ≥ 665, R(3, 3, 29) ≥ 685, R(3, 3, 30) ≥ 725, R(3, 3, 31) ≥ 745.
2. Some lemmas
Given an integer n ≥ 9, let Zn denote the system of smallest nonnegative residues modulo n, that is,
Zn = {0, 1, . . . , n− 1}.
Unless specifically stated, all modulo n operations of integers are understood to be in Zn. The equality sign ‘=’ means
congruent modulo n.
By convention, define [s, t] = {s, s+ 1, . . . , t} for s < t.
Definition 1. Let m = [ n2 ]. For every nontrivial partition S = S1 ∪ S2 (both S1 and S2 are nonempty) of S = [1,m], define
for i = 1, 2
Ai = {x|x ∈ Zn, x ∈ Si or n− x ∈ Si}.
Use V = Zn to represent the set of vertices of the complete graph Kn and the set E of edges of Kn is represented by the set of
subsets of two elements of Zn in a natural way. Let E = E1 ∪ E2 be the partition such that
Ei = {{x, y}|{x, y} ∈ E, x− y ∈ Ai}
for i = 1, 2 and the edges in Ei are called Ai-colored. Denote the subgraph derived from the Ai-colored edges by Gn(Ai); its
clique number is denoted by [Gn(Ai)]. In this way, the sets S1 and S2 give rise to a 2-coloring of Kn and circulant graphs Gn(Ai)
for i = 1, 2.
By Ramsey’s theorem, obviously we have
Lemma 1. Let ki = [Gn(Ai)] for i = 1, 2. Then
R(k1 + 1, k2 + 1) ≥ n+ 1.
Lemma 2. Let b ∈ Zn or b = n. Then the transform f : x 7→ −x+ b of Zn is an automorphism of Gn(Ai).
Proof. Obviously f induces a one-to-one correspondence of the set of vertices. For arbitrary x, y ∈ V = Zn, the equality
f (y) − f (x) = x − y implies {x, y} ∈ Ai if and only if {f (y), f (x)} ∈ Ai. Thus f carries every Si-colored edge to an Si-colored
edge. 
For any i ∈ {1, 2}, consider the cliques and clique number of Gn(Ai). It follows from Lemma 2 that the clique number
of Gn(Ai) is equal to the order of the maximal clique containing 0. Hence we only need to investigate the cliques of Gn(Ai)
containing 0. By Definition 1 all nonzero vertices of such cliques are contained in Ai. This implies the following lemma.
Lemma 3. Denote by Gn[Ai] the subgraph of Gn(Ai) derived from the set Ai of vertices Ai. Let [Ai] denote the clique number of
Gn[Ai]. Then
[Gn(Ai)] = [Ai] + 1.
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So the computation of the clique number of Gn(Ai) is converted to the computation of the clique number of Gn[Ai]. We
have
Lemma 4. For x ∈ Si, let
di(x) = {y ∈ Ai|x− y ∈ Ai}.
If |di(x)| = 0 for every x ∈ Si, then [Ai] = 1.
Proof. Otherwise, suppose that di(x) = 0 for every x ∈ Si and [Ai] ≥ 2. Then [Gn(Ai)] ≥ 3. There is a 3-clique {0, x, y} in
Gn(Ai), in which x− y ∈ Ai. There are the following cases:
If x ∈ Si or y ∈ Si, then di(x) ≥ 1 or di(y) ≥ 1, contradicting the given conditions.
If n− x ∈ Si or n− y ∈ Si, it follows from Lemma 2 that {0, n− x, n− y} is also a 3-clique of Gn(Ai). Thus di(n− x) ≥ 1,
contradicting the given condition di(x) = 0. 
When [Ai] ≥ 2, we may use a backtrack method to compute [Ai] as follows. Sort all elements of Ai in lexicographic
order, so that (Ai,≺) becomes a totally ordered set. Let xj be the minimal element in a k-clique of Gn[Ai]. Call this clique an
Ai-colored chain starting with xj of length k− 1, and denote this by li(xj) = k− 1.
Let {x1, x2, . . .} be a clique in Gn[Ai]. Lemma 2 implies that {n−x1, n−x2, . . .} is also a clique in Gn[Ai]. Since either xj ∈ Si
or n− xj ∈ Si (both hold if n is even and xj = m), we have
Lemma 5. There exists xj ∈ Si such that li(xj) = [Ai] − 1.
We know that li(x) ≤ [Ai] − 1 for all x ∈ Si. Lemma 5 means that in order to compute the maximal clique of Gn[Ai] it
suffices to compute the longest Ai-colored chain starting with xj ∈ Si. This can enhance the computation significantly. The
above analysis enables us to develop the following algorithm.
Algorithm 1 (A Method for Computing the Lower Bounds of Ramsey Numbers using General Circulant Graphs). (1) Given an
integer n ≥ 5, let m = [ n2 ] . Given a 2-partition S = S1 ∪ S2 of S = [1,m] where both S1 and S2 are nonempty, let qi = |Si|
for i = 1, 2. Let i = 1.
(2) Set Ai = {x|x ∈ Zn, x ∈ Si or n− x ∈ Si}. Sort Ai lexicographically. Assume that Ai = {x1, x2, . . .}. Set [Ai] = 1, j = 1.
(3) For xj ∈ Si, find
di(xj) = {y|y ∈ Ai, y > xj and xj − y ∈ Ai}.
If |di(xj)| = 0 go to (5).
(4) Find the Ai-colored chain starting with xj ∈ Si. If li(xj) ≥ [Ai], let [Ai] = li(xj)+ 1 and print out this chain.
(5) Increase j by 1. If j < qi, go to (3).
(6) Let ki = [Ai] + 1. Increase i by 1. If i = 2, go to (2).
(7) Print out R(k1 + 1, k2 + 1) ≥ n+ 1 and the algorithm is terminated.
In this algorithm, (3)–(5) computes the longest Ai-colored chain by backtracking. In Step (3), when |di(xj)| = 0, since
[Ai] is set to be 1 already, there is no need to compute the Ai-colored chains starting with xj. This is why we may go to Step
(5). The chain printed out in Step (4) is longer than all previous chains. The last one printed out is lexicographically the first
Ai-colored chain with length li(xj) = [Ai] − 1. corresponding to the first [Ai]-clique in Gn[Ai].
Example 1. Let n = 72. Thenm = 36. Let
S1 = {1, 3, 12, 18, 23, 25, 33}.
By Algorithm 1, we obtain [A1] = 1, [A2] = 13, R(3, 15) ≥ 73. The first A2-colored chain of length 12 is 2 ≺ 4 ≺ 6 ≺ 8 ≺
10 ≺ 15 ≺ 17 ≺ 19 ≺ 21 ≺ 30 ≺ 32 ≺ 34 ≺ 36. Hence R(3, 15) ≥ 73.
3. The proof of Theorem 1
In terms on Definition 1 we investigated some circulant graphs Gn(Ai) with n ≥ 142, among which G181(Ai) has prime
order while the others have non-prime orders. Given n and the set S1, Algorithm 1 gives the clique number [A2] of Gn[A2]
and the first clique of order [Ai]. The details are listed in Table 1.
All clique numbers of the subgraphs Gn[A1] derived from the circulant graph Gn(Ai) of order n in Table 1 are equal to
[A1] = 1. Hence we have
R([A1] + 2, [A2] + 2) = R(3, [A2] + 2) ≥ n+ 1.
The seven results
R(3, 24) ≥ 143, R(3, 25) ≥ 153, R(3, 26) ≥ 159,
R(3, 27) ≥ 167, R(3, 28) ≥ 172, R(3, 29) ≥ 182, R(3, 30) ≥ 187
in Theorem 1 follow immediately. 
The computations for the cliquenumbers of allGn(Ai) in Table 1were done on amicrocomputerwhose CPU is AMD3500+.
The program ran for about eight hours.
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Table 1
The set S1 , the clique number [A2] of Gn[A2] and the first clique of order [A2]
n Elements of S1 [A2] The first clique of order [A2] in Gn[A2]
142 1, 3, 5, 7, 15, 28, 34, 36, 45, 47, 58, 71 22 2, 4, 6, 8, 10, 12, 14, 22, 35, 41, 43, 52, 54, 65, 78, 91, 102, 104,
113, 115, 121, 134
152 1, 3, 5, 9, 13, 21, 28, 32, 39, 46, 63, 70 23 2, 4, 6, 8, 10, 14, 18, 20, 26, 37, 44, 51, 61, 68, 75, 87, 94, 98,
105, 125, 129, 136, 148
158 1, 3, 5, 13, 22, 24, 28, 32, 39, 53, 62, 69, 79 24 2, 4, 6, 8, 10, 18, 25, 27, 29, 33, 37, 44, 52, 56, 58, 60, 67, 101,
103, 110, 117, 124, 143, 150
166 1, 3, 5, 7, 16, 18, 29 31, 39, 53, 66, 72, 80 25 2, 4, 6, 8, 10, 12, 14, 23, 25, 36, 38, 44, 46, 50, 58, 71, 93, 101,
107, 120, 128, 134, 142, 153, 155
171 1, 3, 5, 7, 9, 20, 31, 42, 53, 64, 66, 77, 79 26 2, 4, 6, 8, 10, 12, 14, 16, 18, 29, 40, 51, 62, 73, 75, 86, 88, 90,
101, 103, 114, 116, 127, 138, 149, 160
181 1, 3, 5, 7, 9, 13, 25, 33, 44, 62, 73, 79, 81, 85 27 2, 4, 6, 8, 10, 12, 14, 16, 18, 22, 24, 30, 42, 53, 59, 71, 82, 88, 90,
94, 117, 128, 136, 146, 157, 165, 177
186 1, 3, 5, 7, 9, 11, 21, 36, 44, 46, 59, 61, 74, 78, 93 28 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 32, 47, 55, 57, 70, 72, 85, 89,
104, 117, 123, 136, 138, 151, 153, 161, 176
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